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Poisson type conformastat spherically symmetric anisotropic fluid spacetimes
Gonzalo Garc´ıa-Reyes∗
Departamento de F´ısica, Universidad Tecnolo´gica de Pereira, A. A. 97, Pereira, Colombia
We construct an analytical family of conformastat spherically symmetric spacetimes representing
anisotropic fluid matter distributions from Newtonian potential-density pairs and its circular speed
profile. As a simple application, we present, for the second member of this family, new models of
relativistic anisotropic thick spherical shells. Such spacetimes are also used in the construction of a
relativistic galaxy model composite by a central spherical bulge, the thick disk and the dark matter
halo, writing the metric in cylindrical coordinates. Moreover, the geodesic motion of test particles
in stable circular orbits around such structures is studied. The models constructed satisfy all the
energy conditions and the principal stresses are positive quantities (pressure).
∗ e-mail: ggarcia@utp.edu.co
2I. INTRODUCTION
Spherically symmetric distribution of matter are important in relativistic astrophysics as models of neutron stars,
highly dense stars, gravastars, dark energy stars, quark stars and galactic nuclei. Spherical shells are also useful in
astrophysics as models of supernovas, in general relativity to analyze basic issues of gravitational collapse and as
sources of vacuum gravitational fields, and in cosmology [1]. Anisotropic thick spherical shell models as sources of
static spherically symmetric spacetimes built from Newtonian potential-density pairs in isotropic coordinates were
studied in Refs. [2, 3] for a Schwarzschild type metric, in [4] for same space-time, and in Ref. [5] for Majumdar-
Papapetrou type fields. This same approach have been also used regarding static axisymmetric fields in constructing
of galaxy relativistic models for a Schwarzschild type metric [6] and in [7] in the construction of three-dimensional
sources for Majumdar-Papapetrou type fields.
In this work, we construct conformastat spherically symmetric spacetimes which we apply in the construction of
new relativistic models of anisotropic thick spherical shells and galaxies from Newtonian potential-density pairs and
its circular speed profile. As in the references cited above, one of the metric functions, the spatial components of the
metric, is obtained of the fact that one of the field equations is a nonlinear Poisson type equation. This equation
is solved for a particular energy density profile which is chosen by demanding that in Newtonian limit it reduces to
its Newtonian value. The other metric function, the temporal component of the metric, unlike of above references
where it is assumed, is obtained analytically in this work by kinematic considerations by also requiring that in the
Newtonian limit the relativistic circular speed profile reduces to its Newtonian value.
The paper is structured as follows. In Section II, in order to calculate the spatial components of the metric, we
summarize the method to built different compact sources for conformastat spherically symmetric spacetimes from
given solutions of Poisson’s equation. On the other hand, to compute the temporal component of the metric, we also
analysis the geodesic circular motion of test particles moving on a static spherically symmetric spacetime in isotropic
coordinates and the stability of the orbits against radial perturbations. In Section III, for a particular relativistic
circular speed profile, a analytical family of spherically symmetric anisotropic fluid solutions is obtained, and, as a
simple application, new models of relativistic thick spherical shells are constructed for the second member of this
family.
In Section IV, such spacetimes are also used in building a three-component relativistic model of galaxy (bulge, disk
and dark matter halo) using as seed Newtonian potential-density pairs the Miyamoto-Nagai potentials for the central
bulge and the disk [8, 9] and for the dark matter halo the well-known Navarro-Frenk-White (NFW) model [10]. For
this purpose, the metric is written in cylindrical coordinates. Such matter configurations can be interesting not only
from the merely theoretical point of view but also, for example, in the description of galactic nuclei where relativistic
effects are expected to be important. Finally, in Section V we summarize the results obtained.
II. POISSON TYPE SPACETIMES AND MOTION OF PARTICLES
The metric for a conformastat spherically symmetric spacetime is given by [11, 12]
ds2 = −e2ν(r)dt2 + e2λ(r)(dr2 + r2dΩ2), (1)
where dΩ2 = dθ2 + sin2 θdϕ2. The term “conformastat” means that spatial metric is conformally flat. Einstein’s
gravitational field equations Gab = 8piGTab yield the following non-zero components of the energy-momentum tensor
T tt =
1
4piG
e−2λ
[
∇2λ+ 1
2
∇λ · ∇λ
]
, (2a)
T rr =
1
8piG
e−2λ
[
(λ′)2 + 2λ′ν′ +
2
r
(λ′ + ν′)
]
, (2b)
T θθ = T
ϕ
ϕ =
1
8piG
e−2λ
[
λ′′ + ν′′ + (ν′)2 +
1
r
(λ′ + ν′)
]
, (2c)
where primes indicate differentiation with respect to r. The component T t t is true even if no spatial symmetry is
assumed.
3With respect to the orthonormal tetrad or locally Minkowskian observer
V =
1√−gtt (1, 0, 0, 0), (3a)
X =
1√
grr
(0, 1, 0, 0), (3b)
Y =
1√
gθθ
(0, 0, 1, 0), (3c)
Z =
1√
gϕϕ
(0, 0, 0, 1), (3d)
whose components are denoted as e(a)
b = {V b, Xb, Y b, Zb}, the relativistic energy density is given by ρ = −T tt, and
the principal stresses (pressure or tensions) by pi = T
i
i.
By setting
e2λ =
(
1− φ(r)
2
)4
, (4)
we get, without symmetry, for the energy density the following nonlinear Poisson type equation
∇2φ = 4piGρ
(
1− φ
2
)5
, (5)
In Newtonian limit when φ≪ 1 it reduces to Poisson’s equation, ∇2Φ = 4piGρN . For a given physical energy density
profile ρ, the metric function φ can be obtained by resolving this equation. Consequently, these geometries can be
called Poisson type spacetime. A physically reasonable way to choose ρ is by requiring that in the Newtonian limit it
reduces to its Newtonian value ρN . A simple particular form of ρ which satisfies such condition is
ρ =
ρ0(
1− φ2
)5 . (6)
Replacing this expression in (5) one finds that the pair (φ, ρ0) is a solution of the Poisson’s equation. Hence (φ, ρ0) =
(Φ, ρN ). Therefore,
ρ =
ρN(
1− Φ2
)5 . (7)
To obtain the other metric function ν an additional assumption must be imposed and will be obtained in next section
by kinematic considerations.
A. Stable circular orbits
With respect to the comoving frame of reference (3a) - (3d), the 4-velocity u of a test particle moving on the
spacetime (1) has components
u(a) = e
(a)
bu
b, (8)
and the 3-velocity
v(i) =
u(i)
u(t)
=
e
(i)
aua
e
(t)
bu
b
. (9)
For circular orbits u = ut(1, 0, dθdt ,
dϕ
dt ) and the speed v is given by
v2 = v2c = [v
(θ)]2 + [v(ϕ)]2 = −gΩΩ
gtt
(
dΩ
dt
)2
, (10)
4where gΩΩ = e
2λr2 and (
dΩ
dt
)2
=
(
dθ
dt
)2
+ sin2 θ
(
dϕ
dt
)2
. (11)
vc represents the circular speed (rotation curves) of the particles measured by an inertial observer far from the source.
The term
(
dΩ
dt
)2
can be calculated considering the geodesic motion of the particles. The Lagrangian density for a
massive test particle is defined as
2L = gabx˙ax˙b = −e2ν t˙2 + e2λ(r˙2 + r2Ω˙2), (12)
where the overdot denotes derivative with respect to the proper time τ . The Lagrange’s equations
d
ds
(
∂L
∂x˙a
)
− ∂L
∂xa
= 0 (13)
yield the following constants of motion
E = −pt/m = e2ν t˙, (14a)
Lθ = pθ/m = e
2λr2θ˙, (14b)
Lϕ = pϕ/m = e
2λr2 sin2 θϕ˙, (14c)
L2 = = L2θ +
(
Lϕ
sin θ
)2
= e4λr4Ω˙2, (14d)
where E represents the relativistic specific energy and L the total specific angular momentum. Therefore, the La-
grangian can be writen as
2L = e2λr˙2 + e−2λL
2
r2
− e−2νE2. (15)
Normalizing ua, that is requiring gabu
aub = −1, we obtain
e2ν+2λr˙2 + e2ν
(
1 + e−2λ
L2
r2
)
= E2. (16)
This expression allows to define an effective potential Veff as
Veff = e
2ν
(
1 + e−2λ
L2
r2
)
. (17)
For a circular motion have that
E2 = e2ν
(
1 + e−2λ
L2
r2
)
. (18)
Assuming the Lagrangian as L˜ = 2L+ 1 and using the condition of normalizing (16), the radial motion equation for
circular orbits (extreme motion) reads
dVeff
dr
= 0. (19)
This condition implies
L2
r2
=
rν,re
2λ−2νE2
1 + rλ,r
. (20)
From Eqs. (18) and (20) we find
E2 =
e2ν
1− rν,r1+rλ,r
, (21a)
L2 =
r3ν,re
2λ
1 + r(λ,r − ν,r) . (21b)
5By using the conserved quantity (14d) and the expression (20) we obtain(
dΩ
dt
)2
=
Ω˙2
t˙2
= e4(ν−λ)
L2
r4E2
= − gtt,r
gΩΩ,r
. (22)
Thus, for motion of particles in stable circular orbit the circular speed is given by
v2c =
rν,r
1 + rλ,r
, (23)
and the angular momentum can be cast as
L2 =
r2e2λv2c
1− v2c
. (24)
In addition, in order to have stable circular orbits against radial perturbations the following condition must be
satisfied
d2Veff
dr2
∣∣∣∣
extr
> 0, (25)
or explicitly
ν,rr + ν,r
(
2λ,r − 2ν,r + 3
r
− λ,r + rλ,rr
1 + rλ,r
)
> 0. (26)
In terms of the angular momentum the stability condition (26) reads
dL2
dr
> 0, (27)
which is an extension of the Rayleigh criteria of stability of a fluid in rest in a gravitational field [13, 14].
III. A FAMILY OF ANISOTROPIC FLUID SOLUTIONS
For a given physical circular speed profile vc, the metric function ν can be obtained by integrating (23) which can
be cast as
ν,r =
v2c
r
(1− Φ2 − v2N )
(1 − Φ2 )
. (28)
Like the energy density, vc can be chosen by also requiring that in the Newtonian limit it reduces to its Newtonian
value v2N = rΦ,r. A simple particular expression for vc that satisfies such condition and for which ν can be obtained
analytically is
v2c =
v2N (1 − Φ2 )γ−1
1− Φ2 − v2N
, (29)
where γ is a constant. Integrating (28), we obtain
ν =
{
−2 ln(1− Φ2 ), γ = 1,
2
γ−1
[
1− (1 − Φ2 )γ−1
]
, otherwise,
(30)
where the integration constant has been chosen so that the solution be asymptotically flat. The case γ = 1 was
studied in Ref. [5] and describes a Majumdar-Papapetrou type spacetime. These fields satisfy the energy conditions
but present negative radial stresses (tension). However, the average stresses are positive (pressure). Thus, this family
of solutions describes a generalized Majumdar-Papapetrou type spacetime. For the second member of the family
γ = 2 has that ν = Φ. For weak gravitational fields Φ≪ 1, e2ν ≈ 1+ 2Φ. Therefore this spacetime has a well-defined
Newtonian limit.
Moreover, in order to be physically meaningful, the matter distributions must satisfy the energy conditions: ρ ≥ 0
(weak energy condition), |ρ| ≥ |pi| (dominant energy condition) and ρ+ pr + pθ + pϕ ≥ 0 (strong energy condition).
Thus, given a seed Newtonian potential-density pair (Φ, ρN ) and the corresponding circular speed profile vN we can
construct the relativistic version of different spherically symmetric physical structures.
6A. Relativistic thick spherical shell models
We consider the potential-density pair
Φ = − GM
b+ (an + rn)1/n
, (31a)
ρN =
M
4pi
2brn + (n+ 1)an(b + d)
r2−nd2n−1(b+ d)3
, (31b)
where
d = (an + rn)1/n, (32)
n ≥ 1 and a and b is a non-zero constants with the dimensions of length. The models with n > 2 describe a shell-like
matter distribution. a = b corresponds to the generalized isochrone models presented in reference [15] and b = 0 are
generalized Plummer models [16]. These include the Hernquist model (n = 1) [17] and the Plummer model (n = 2)
[18] as particular cases. These potential-density pairs have been used as successful analytic models for elliptical
galaxies and bulges of disk galaxies. The Newtonian circular speed is given by
v2N =
MGrn
dn−1(b+ d)2
. (33)
In the relativistic case, we consider the metric potential ν (30) with γ = 2. The main physical quantities associated
to the systems are
ρ˜ =
8(b˜+ d˜)2
[
2b˜r˜n + (n+ 1)a˜n(b˜+ d˜)
]
pir˜2−nd˜2n−1
[
2(b˜+ d˜) + 1
]5 , (34a)
p˜r =
8(b˜+ d˜)
[
b˜(b˜+ 12 )d˜
n−1 + a˜nd˜+ (2b˜+ 12 )a˜
n + (b˜ − 12 )r˜n
]
pir˜2−nd˜2n−2
[
2(b˜+ d˜) + 1
]6 , (34b)
p˜ϕ =
4
pir˜2−nd˜2n−1
[
2(b˜+ d˜) + 1
]6
[
((n+ 1)a˜n + r˜n) d˜3 +
(
3(n+ 1)(b˜+
1
6
)a˜n + 2(2b˜+ 1)r˜n
)
d˜2
+
(
3(n+ 1)(b˜+
1
3
)b˜a˜n + 5(b˜2 +
3
5
b˜+
1
10
)r˜n
)
d˜+ ((n+ 1)a˜n + 2r˜n) (b˜+
1
2
)b˜2
]
, (34c)
v2c =
r˜n[2(b˜+ d˜) + 1]
(b˜+ d˜)
[(
2(b˜+ d˜) + 1
)
d˜n−1(b˜+ d˜)− 2r˜n
] , (34d)
L˜2 =
r˜n−2[2(b˜+ d˜) + 1]5
16(b˜+ d˜)4
[(
2(b˜+ d˜) + 1
)
d˜n−1(b˜+ d˜)2 −
(
4(b˜+ d˜) + 1
)
r˜n
] , (34e)
where ρ˜ = G3M2ρ, p˜r = G
3M2pr, p˜ϕ = G
3M2pϕ, L˜ = L/(GM), r˜ = r/(GM), a˜ = a/(GM), b˜ = b/(GM) and
d˜ = d/(GM). We see that the energy density always is a positive quantity in according to the weak energy condition
and in order to have pressures everywhere we must take b˜ ≥ 1/2.
In figures 1 and 2 we show, as functions of r˜, the curves of the relativistic energy density ρ˜, the radial pressure p˜r,
the tangential pressure p˜ϕ for the relativistic thick shells with n = 3 and n = 6 and parameters a˜ = b˜ = 0.6, 0.8, and
1.2. Such quantities vanish at the origin which suggests a shell-like matter distribution, then increase rapidly, reach
a maximum and later decrease rapidly with the radius which permits to define a cut off radius rc and, in principle,
to consider these structures as compact objects. As the value of the parameters a˜ and b˜ are increased, the shells are
smoothed out and become more concentrated when the parameter n is increased. Thus, in limit when n → ∞ we
have an infinitesimal thin shell on r˜ = a = b.
In figures 1 and 2 we plot the rotation curves v2c and the specific angular momentum L˜
2 for the same value of
parameters. As the value of the parameters a˜ and b˜ are increased, the circular speed decreases and increases with the
increase of the parameter n. For these value of parameters also the circular speed of particles is a quantity less than
7the speed of light in according to the dominant energy condition and the orbits of the particles are stable. However,
the orbits can become unstable as the value of the parameters a˜ and b˜ decrease.
For other values of γ > 2 we find the same behavior. However, the solutions with γ < 2 satisfy also the energy
conditions but yield negative stresses (tension). Therefore, the physically significant solutions are when γ ≥ 2.
IV. A RELATIVISTIC MODEL OF GALAXY
In cylindrical coordinates (t, ϕ, R, z) the metric (1) takes the form
ds2 = −e2νdt2 + e2λ(R2dϕ2 + dR2 + dz2), (35)
where φ is function of R and z only. The Einstein’s gravitational field equations yield the following non-zero compo-
nents of the energy-momentum tensor
T tt =
1
4piG
e−2λ
[
∇2λ+ 1
2
∇λ · ∇λ
]
, (36a)
Tϕϕ =
1
8piG
e−2λ
[
∇ν · ∇ν +∇2ν +∇2λ− 1
R
(λ,R + ν,R)
]
, (36b)
TRR =
1
8piG
e−2λ
[
λ,zz + ν,zz + λ
2
,R + ν
2
,z + 2λ,Rν,R +
1
R
(λ,R + ν,R)
]
,
(36c)
T zz =
1
8piG
e−2λ
[
λ,RR + ν,RR + λ
2
,z + ν
2
,R + 2λ,zν,z +
1
R
(λ,R + ν,R)
]
,
(36d)
TRz = −
1
8piG
e−2λ [λ,Rz + ν,Rz − (λ,z + ν,z)λ,R + ν,Rν,z − λ,zν,R] . (36e)
Now, in order to analyze the matter distributions is necessary to compute the eigenvalues and eigenvectors of the
energy-momentum tensor. The eigenvalue problem for the energy-momentum tensor (36a) - (36e) has the solutions
λt = T
t
t, (37a)
λϕ = T
ϕ
ϕ, (37b)
λR,z =
T ±
√
D
2
, (37c)
where
T = TR R + T
z
z, (38a)
D = (TR R − T z z)2 + 4(TR z)2. (38b)
The corresponding eigenvectors are
Vax =
1√−gtt (1, 0, 0, 0), (39a)
Xax =
1√
gϕϕ
(0, 1, 0, 0), (39b)
Yax =
1√
gRR(1 + n2+)
(0, 0, 1, n+), (39c)
Zax =
1√
gRR(1 + n2−)
(0, 0, 1, n−), (39d)
where
n± =
T z z − TR R ±
√
D
2TR z
. (40)
8In terms of the above proper observer, the energy density is given by ρ = −λt and the principal stresses by pi = λi.
For the particular form of λ (4) the energy density is given by the nonlinear Poisson type equation (5) and again
taking the energy density profile as (6), then it follows (φ, ρ0) = (Φ, ρN ). Similarly, for equatorial, circular orbit the
circular speed and the specific angular momentum are given by
v2c =
Rν,R
1 +Rλ,R
, (41a)
L2 =
R2e2λv2c
1− v2c
, (41b)
and the stability condition reads
dh2
dR
> 0, (42)
where h is the specific angular momentum. Following the approach presented in the above section, the metric potential
ν can also be take in the particular form (30) in cylindrical coordinates.
As a example, we consider the Newtonian Galactic potential composite by the sum of three components [19]
Φ = ΦB +ΦD + ΦH , (43)
where ΦB corresponds to the central spherical bulge potential, ΦD describes the thick disk and ΦH the spherical dark
halo. The bulge and disk potentials are given by Plummer and Miyamoto-Nagai models [8, 9, 18]
ΦB = − GMB√
r2 + b2B
, (44a)
ΦD = − GMD√
R2 +
(
aD +
√
z2 + b2D
)2 , (44b)
where r =
√
R2 + z2, and the dark matter halo by NFW model which can be cast as
ΦH = −GMH
r
ln
(
1 +
r
aH
)
, (45)
where MH is the dark halo mass and aH a scale radius.
In the relativistic case, for simplicity we consider the metric potential ν (30) in cylindrical coordinates when γ = 2.
Since the expressions for the main physical quantities are huge, its analysis is better done graphically. Thus, in figures
3 and 4 we graph, as function of R˜ = R/GMD and z˜ = z/GMD, the surfaces and level curves of the energy density
ρ˜ = G3M2Dρ and pressures p˜ϕ = G
3M2Dpϕ, p˜R = G
3M2DpR and p˜z = G
3M2Dpz for a γ = 2 type relativistic galaxy
model composite by three components bulge, thick disk and dark matter halo, with parameters a˜D = aD/GMD = 4.4,
a˜H = aH/GMD = 7.7, b˜B = bB/GMD = 0.2672, b˜D = bD/GMD = 0.3084, M˜B = MB/MD = 0.1583, and
M˜H = MH/MD = 4.4582. We observer that the energy density is a positive quantity and, as in the Newtonian case,
presents a central cusp and then it decreases rapidly with the radius. The principal stresses present a similar behavior,
then we have pressure. In figure 5 we plot, as function of R˜, the relativistic circular speed profile vc, the Newtonian
rotation curves vcN and the specific angular momentum h˜
2 = h2/G2M2D for the same value of parameters. We see
that the relativistic effects increase everywhere the circular speed. The equatorial, circular orbits of test particles
moving around the structures are stables against radial perturbations.
V. CONCLUSIONS
In this work, we have built anisotropic sources of matter for static spherically symmetric fields in isotropic coor-
dinates from given solutions of the Poisson’s equation and its tangential speed profile. As a first application, were
constructed, for the second member of the family of solutions, new models of relativistic anisotropic thick spherical
shells and, as a second application, these fields were then generalized to axial symmetry spacetimes, and illustrated
with a relativistic galaxy model composite by a central spherical bulge, the thick disk and the dark matter halo. The
bulge and disk seed potentials were the Plummer and Miyamoto-Nagai models and in the case of the dark matter
halo, the NFW model.
In all models considered, the energy conditions are satisfied and the principal stresses are positive quantities
everywhere, that is we have pressure. Furthermore, in all the cases were found stable circular orbits. Was also
observed that the physically significant solutions are when γ ≥ 2.
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r˜ r˜
(a) (b)
r˜ r˜
(c) (d)
r˜
(e)
FIG. 1. (a) The relativistic energy density ρ˜, (b) the radial pressure p˜r, (c) the tangential pressure p˜ϕ, (d) the rotation curves
v2c , and (d) the specific angular momentum L˜
2 for the relativistic thick shell n = 3 and parameters γ = 2, a˜ = b˜ = 0.6 (solid
curves), 0.8 (dashed curves), and 1.2 (dot curves), as functions of r˜.
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r˜ r˜
(c) (d)
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(e)
FIG. 2. (a) The relativistic energy density ρ˜, (b) the radial pressure p˜r, (c) the tangential pressure p˜ϕ, (d) the rotation curves
v2c , and (d) the specific angular momentum L˜
2 for the relativistic thick shell n = 6 and parameters γ = 2, a˜ = b˜ = 0.6 (solid
curves), 0.8 (dashed curves), and 1.2 (dot curves), as functions of r˜.
12
(a) (b)
FIG. 3. (a) The relativistic energy density profile ρ˜ and (b) the isodensity curves for a γ = 2 type relativistic galaxy model
composite by three components bulge, thick disk and dark matter halo, as functions of R˜ and z˜.
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(e) (f)
FIG. 4. The surfaces and level curves of the pressures p˜ϕ, p˜R and p˜z, as functions of R˜ and z˜, for a γ = 2 type relativistic
galaxy model composite by three components bulge, thick disk and dark matter halo.
14
R˜
FIG. 5. The relativistic circular speed vc (solid curve), the Newtonian rotation curve vcN (dashed curve) and specific angular
momentum h˜2 (dotted curve) for the system composite by bulge, thick disk and dark matter halo, with γ = 2, as functions of
R˜.
